n-Star modules over ring extensions  by Wei, Jiaqun
Journal of Algebra 310 (2007) 903–916
www.elsevier.com/locate/jalgebra
n-Star modules over ring extensions ✩
Wei Jiaqun
Department of Mathematics, Nanjing Normal University, Nanjing 210097, PR China
Received 4 August 2005
Available online 12 December 2006
Communicated by Efim Zelmanov
Abstract
We give conditions under which an n-star module AU extends to an n-star module, or an n-tilting module,
RR ⊗ AU over a ring extension R of A. In case that R is a split extension of A by Q, we obtain that
RR ⊗ AU is a 1-tilting module (respectively, a 1-star module) if and only if AU is a 1-tilting module
(respectively, a 1-star module) and AU generates both AQ ⊗ AU and AHomA(Q,D) (respectively, AU
generates AQ ⊗ AU ), where AD is an injective cogenerator in the category of all left A-modules. These
extend results in [I. Assem, N. Marmaridis, Tilting modules over split-by-nilpotent extensions, Comm.
Algebra 26 (1998) 1547–1555; K.R. Fuller, ∗-Modules over ring extensions, Comm. Algebra 25 (1997)
2839–2860] by removing the restrictions on R and Q.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The classical star modules (i.e., selfsmall 1-star modules in the sense of this note) were in-
troduced by Menini and Orsatti [17] to study equivalences between module subcategories, as a
generalization of both quasi-progenerators [12] and classical tilting modules [5,7,15]. Colpi then
gave some important homological characterizations of these modules [9]. In particular, it was
proved that quasi-progenerators are just classical star modules generating all of their submodules
while classical tilting modules are just classical star modules generating all the injectives [9,10].
The theory was later extended to n-star modules [23,26]. Moreover, it was shown that n-tilting
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[19]) are just n-star modules which n-present all the injectives (respectively, which admit finitely
generated projective resolutions and n-present all the injectives) [4,23,26].
Among the studies on the classical star modules (cf. [11,21,22]), Fuller presented conditions
under which a classical star module AU extends to a classical star module RR ⊗ AU over a ring
extension R of A [13]. Here, the expression “R is a ring extension of A” means that there is a
ring homomorphism ξ :A → R. The results were then applied to quasi-progenerators, classical
tilting modules and torsion theory counter equivalences [8,13]. In particular, extending results
in [3], it was shown in [13] that, if R is a split extension of A by Q, and R is left artinian with
Q nilpotent, then RR ⊗ AU is classical tilting if and only if AU is classical tilting, AU generates
AQ⊗ AU and AnnQAU = 0.
On the other hand, the relations between the tilting modules of large projective dimension and
extensions of rings were also investigated by several authors (cf. [18–20]). In particular, very
recently, Tonolo [20] investigated more generally when an n-tilting module AU extends to an
n-tilting module TorAm(R,U) over a ring extension R of A, for m 0.
The aim of this note is to generalize Fuller’s results on the classical star modules over ring ex-
tensions to n-star modules (Section 3), and then to apply the result to study the relations between
n-tilting modules and extensions of rings, from the point when an n-star module (usually not tilt-
ing) extends to an n-tilting module (Section 4). In particular, in case that R is a split extension of
A by Q, we obtain that RR ⊗AU is a 1-tilting module (respectively, a 1-star module) if and only
if AU is a 1-tilting module (respectively, a 1-star module) and AU generates both AQ⊗ AU and
AHomA(Q,D) (respectively, AU generates AQ ⊗ AU ), where AD is an injective cogenerator
in the category of all left A-modules (Section 5). These extend results in [3,13] by removing the
restrictions that R is left artinian (respectively, R is noetherian) and Q is nilpotent.
We refer to Colby and Fuller’s monograph [6] for more details on the classical star modules.
Throughout this note, we assume that rings are associative with nonzero identity and modules
are unitary.
Let A be a ring. We denote the left (right, respectively) A-module U by AU (UA, respectively).
Let AU be an A-module, we denote by AddAU the class of all left A-modules isomorphic to
direct summands of direct sums of copies of AU and by Presn AU the class of all left A-modules
n-presented by AU , that is, all A-modules AM such that there is an exact sequence Un → ·· · →
U1 → M → 0 with each AUi ∈ AddAU . It follows from the definition that Presn AU is always
closed under direct sums. Note also that Presn+1 AU ⊆ Presn AU and that Pres1 AU = GenAU .
For convenience we also denote by Pres0 AU the category of all left A-modules.
Recall that an A-module AU is said to be n-quasi-projective provided every exact sequence
of left A-modules 0 → L → U ′ → M → 0 stays exact under the functor HomA(U,−), where
AL ∈ Presn−1 AU and AU ′ ∈ AddAU (see for instance [23, Definition 2.1]). An A-module AU
is called an n-star module if AU is (n + 1)-quasi-projective and Presn AU = Presn+1 AU . The
following characterization of n-star modules stems from Colpi [9] and was proved in [23].
Theorem 1.1. [23] Let A be a ring. The following are equivalent for an A-module AU .
(1) AU is an n-star module.
(2) If 0 → L → M → N → 0 is an exact sequence with AM,AN ∈ Presn AU , then AL ∈
Presn AU if and only if the sequence stays exact under the functor HomA(U,−).
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Recall that a class of left A-modules C is said to be closed under n-images if for any exact
sequence of left A-modules Cn → ·· · → C1 → M → 0 with all ACi in C, it holds that AM ∈ C
[24]. The class Pres1 AU (i.e., GenAU ) is clearly closed under 1-images (i.e., images). If AU is
w-Σ -quasi-projective (i.e. 2-quasi-projective), then Wisbauer proved that Pres2 AU is closed un-
der 2-images [27, 3.2(2)(i)]. It was also shown that Presn AU is closed under n-images provided
AU is an n-star module such that Presn AU is closed under extensions [23, Proposition 3.7]. Now
we will show that Presn AU is always closed under n-images whenever AU is an n-star module.
Proposition 2.1. Let A be a ring and AU be an n-star module. Then Presk A(Presn AU) =
Presk AU for all k  1, where Presk A(Presn AU) denotes the class of all A-modules AM such
that there is an exact sequence Ck → ·· · → C1 → M → 0 with all ACi in Presn AU . In particu-
lar, Presn AU is closed under n-images and direct summands.
Proof. It is easy to see that Presk AU ⊆ Presk A(Presn AU). It remains to show that
Presk A(Presn AU) ⊆ Presk AU . We proceed by induction on k.
In case k = 1, the conclusion is clear. So we assume that Presj A(Presn AU) = Presj AU for
all 1 j  k.
Let AM be an A-module such that Ck+1 → ·· · → C1 →π M → 0 is exact with all ACi
in Presn AU . Denote by AM1 the kernel of π . Then there is an exact sequence 0 → M1 →i
C1 →π M → 0. Note that AM1 ∈ Presk AU by the induction assumption, so we have an ex-
act sequence 0 → M ′1 → U1 →α M1 → 0 with AU1 ∈ AddAU and AM ′1 ∈ Presk−1 AU . Since
AC1 ∈ Presn AU and AU is an n-star module, there is an exact sequence 0 → C′1 → U ′1 →β
C1 → 0 with AU ′1 ∈ AddAU and AC′1 ∈ Presn AU . Now we construct the following commuta-
tive diagram with exact rows and columns.
0 0 0
0 M ′1 C′ M ′ 0
0 U1
(1,0)
α
U1 ⊕ U ′1
(01)
(αiβ )
U ′1
βπ
0
0 M1
i
C1
π
M 0.
0 0 0
Note that the sequence 0 → C′1 → U ′1 →β C1 → 0 stays exact under the functor HomA(U,−)
since AU is an n-star module, so the sequence 0 → C′ → U1 ⊕ U ′1 → C1 → 0 stays also ex-
act under the functor HomA(U,−) by the construction. By Theorem 1.1, we obtain that AC′ ∈
Presn AU , since AC1 ∈ Presn AU . It follows from the upper row that AM ′ ∈ Presk A(Presn AU)
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Finally we obtain that AM ∈ Presk+1 AU from the right column. 
It is interesting to know whether the class Presn AU is always closed under n-images. The
following example shows that it is not the case in general.
Example 2.2. Let A be the artin algebra defined by the following quiver over a field k with
radical square zero relations:
3
1  2

4.
Then, the Auslander–Reiten quiver of R is of the form
2
1
3
2 · · · 4    
1 · · · 2 · · · 3 42  4
2 · · · 3.
Let AU = 2⊕ 3 42 . Then we have that 3⊕4 ∈ Pres2 AU while 3,4 /∈ Pres2 AU . Thus, Pres2 AU
is not closed under direct summands. Of course, this also proves that Pres2 AU is not closed
under 2-images.
3. Lifting n-star modules
The following lemma is collected from [13, Lemmas 1.2 and 1.3].
Lemma 3.1. Let ξ :A → R be a ring homomorphism. Then
(1) For any bimodules AUB and RMS , there is a natural B–S-isomorphism HomR(R ⊗
AU,M) → HomA(U,M).
(2) For any AU , AR ⊗ AU ∈ GenAU if and only if GenR(R ⊗ AU) = {RM | AM ∈ GenAU}.
In fact, Lemma 3.1 is of most importance in Fuller’s study on the classical star modules over
ring extensions. Thus, in order to extend his result to the general settings, it is necessary to show
that, for an n-star module AU over a ring extension ξ :A → R, Presn AU and Presn R(R ⊗ AU)
still have well-behaved connections similar as in Lemma 3.1(2). Thanks to Proposition 2.1, we
can give the following result.
Lemma 3.2. Let ξ :A → R be a ring homomorphism. Then for any n-star module AU , AR ⊗
AU ∈ Presn AU if and only if Presn R(R ⊗ AU) = {RM | AM ∈ Presn AU}.
Proof. The sufficiency is easy. We show now the necessarity.
Take any RM such that AM ∈ Presn AU . Since AR ⊗ AU ∈ Presn AU by assumptions and
since Presn AU ⊆ GenAU , we deduce that RM ∈ GenR(R ⊗ AU) from Lemma 3.1(2). Hence
we have an exact sequence of R-modules 0 → M1 → V1 → M → 0 which stays exact under the
functor HomR(R ⊗ AU,−), where RV1 is a direct sum of some copies of RR ⊗ AU . It follows
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stays exact under the functor HomA(U,−). Since AU is an n-star module and AV1, AM ∈
Presn AU , we see that AM1 ∈ Presn AU too, by Theorem 1.1. It follows that RM1 is also an
R-module such that AM1 ∈ Presn AU . Now by repeating the process to the R-module RM1, and
so on, we obtain that RM ∈ Presn R(R ⊗ AU).
On the other hand, for any RM ∈ Presn R(R ⊗ AU), we have an exact sequence of R-modules
Vn → ·· · → V1 → M → 0 with RVi ∈ AddR(R ⊗ AU) for each i. Thus we obtain an exact
sequence of induced A-modules Vn → ·· · → V1 → M → 0. Note that each AVi ∈ AddA(R ⊗
AU) clearly and that Presn AU is closed under direct summands and n-images by Proposition 2.1
since AU is an n-star module, so we obtain that AM ∈ Presn AU , as desired. 
Now we can extend Fuller’s result on the classical star modules [13, Theorem 2.2] to n-star
modules.
Theorem 3.3. Let ξ :A → R be a ring homomorphism. If AU is an n-star module with AR ⊗
AU ∈ Presn AU , then RR ⊗ AU is an n-star R-module.
Proof. For any exact sequence of R-modules 0 → L → V → M → 0 with RV,RM ∈
Presn R(R ⊗ AU), we obtain an exact sequence of induced A-modules 0 → L → V → M → 0
with AV,AM ∈ Presn AU by assumptions and Lemma 3.2. Thus, by applying Lemma 3.2, Theo-
rem 1.1 and Lemma 3.1(1), we obtain that RL ∈ Presn R(R ⊗ AU) if and only if AL ∈ Presn AU ,
if and only if the exact sequence of A-modules 0 → L → V → M → 0 stays exact under the
functor HomA(U,−), if and only if the exact sequence of R-modules 0 → L → V → M → 0
stays exact under the functor HomR(R ⊗ AU,−). It follows from Theorem 1.1 that RR ⊗ AU is
an n-star module. 
An A-module AU is said to be selfsmall if HomA(U,U(Λ)) 	 HomA(U,U)(Λ) canonically.
Selfsmall n-star modules were investigated in [26] and the classical star modules are just selfs-
mall 1-star modules [9]. It would be interesting to know whether selfsmall n-star modules still
extend to selfsmall n-star modules.
Lemma 3.4. Let AU be an n-star module. Then AU is selfsmall if and only if HomA(U,−)
commutes with the direct sums in Presn AU .
Proof. The if-part is easy to show even without the hypothesis that AU is an n-star module.
On the other hand, if AU is a selfsmall n-star module, then there is an equivalence between
Presn AU and Ker TorEndAUi1 (U,−) defined by functors HomA(U,−) and U ⊗ EndAU−, where
Ker TorEndAU
i1 (U,−) denotes the class of all left EndAU -modules M such that
TorEndAUi (U,M) = 0 for all i  1 [26]. Hence, for any index set Λ and all AMi ∈ Presn AU ,
i ∈ Λ, we have that
TorEndAU
i1
(
U,
⊕
i∈Λ
HomA(U,Mi)
)
	
⊕
i∈Λ
TorEndAU
i1
(
U,HomA(U,Mi)
)= 0.
It follows that
⊕
i∈Λ HomA(U,Mi) ∈ Ker TorEndAUi1 (U,−). Thus, we deduce the following
canonical isomorphisms:
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i∈Λ
HomA(U,Mi) 	 HomA
(
U,U ⊗EndAU
⊕
i∈Λ
HomA(U,Mi)
)
	 HomA
(
U,
⊕
i∈Λ
(
U ⊗EndAU HomA(U,Mi)
))
	 HomA
(
U,
⊕
i∈Λ
Mi
)
. 
Corollary 3.5. Let ξ :A → R be a ring homomorphism and AR ⊗ AU ∈ Presn AU . If AU is a
selfsmall n-star module, then RR ⊗ AU is also a selfsmall n-star module.
Proof. In fact, by Lemmas 3.1 and 3.4, we have the following isomorphisms.
HomR
(
R ⊗ AU, (R ⊗ AU)(Λ)
)	 HomA(U, (R ⊗ AU)(Λ))
	 HomA(U,R ⊗ AU)(Λ) 	 HomR(R ⊗ AU,R ⊗ AU)(Λ).
Hence, the conclusion follows now by applying Theorem 3.3. 
We end this section by a discussion of n-star modules AU with Presn AU closed under prod-
ucts which will be used in the next section.
Lemma 3.6. Let AU be an n-star module. Then Presn AU is closed under products if and only if
UΛ ∈ Presn AU for any index set Λ.
Proof. The only-if-part is obvious. We now show the if-part.
For any index set Λ and all AMi ∈ Presn AU , i ∈ Λ, we have exact sequences of A-modules
Ui,n → ·· · → Ui,1 → Mi → 0 with each AUi,j ∈ AddAU, 1 j  n.
Thus we obtain an exact sequence
∏
i∈Λ
Ui,n → ·· · →
∏
i∈Λ
Ui,1 →
∏
i∈Λ
Mi → 0.
Clearly for each 1  j  n,
∏
i∈Λ Ui,j ∈ AddAUΛj for some index set Λj . Since AUΛj ∈
Presn AU by assumptions and Presn AU is closed under direct summands and n-images by Propo-
sition 2.1, we finally obtain that
∏
i∈Λ Mi ∈ Presn AU , as desired. 
Let A be a ring. Following [16], an A-module AU is product-complete provided AddAU is
closed under products. Note that any module over a representation-finite ring is product-complete
and that any finitely generated module over an artin algebra is product-complete [16]. Thus we
have the following immediate consequence by Lemma 3.6.
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(1) If ξ :A → R is a ring homomorphism, AU is an n-star module with Presn AU closed
under products and AR ⊗ AU ∈ Presn AU , then RR ⊗ AU is an n-star module with
Presn R(R ⊗ AU) closed under products.
(2) If AU is a product-complete n-star module, then Presn AU is always closed under products.
In particular, the conclusion holds in case
(i) AU is an n-star module and A is a representation-finite ring, or
(ii) AU is a finitely generated n-star module and A is an artin algebra.
4. Lifting to n-tilting modules
This section is devoted to studies on when an n-star module extends to an n-tilting module
over a ring extension. In particular, our results are more interesting for finitely generated self-
orthogonal modules over artin algebras of finite global dimension. Following [2], we say that an
A-module AU is n-tilting if it satisfies the following conditions:
(1) pdAU  n, here pdAU denotes the projective dimension of AU .
(2) Exti A(U,U(λ)) = 0 for all i  1 and all cardinals λ.
(3) There is an exact sequence 0 → A → U0 → ·· · → Un → 0 with each AUi ∈ AddAU .
By results in [4,23], we have that AU is an n-tilting module if and only if AU is an n-star
module such that Presn AU contains all the injective A-modules, if and only if Presn AU =
Ker Exti1 A(U,−), here Ker Exti1 A(U,−) denotes the class of all A-modules AM such that
Exti A(U,M) = 0 for all i  1. We will freely use these characterizations of n-tilting modules.
Throughout this section, we fix AD an injective cogenerator in the category of all left A-
modules.
We begin with the following characterization of n-tilting modules in terms of n-star modules.
Lemma 4.1. The A-module AU is n-tilting if and only if AU is an n-star module with Presn AU
closed under products and AD ∈ Presn AU .
Proof. The only-if-part is easy. On the if-part, note that every injective left A-module AI is a
summand of products of copies of AD and AD ∈ Presn AU , so AI ∈ Presn AU by Proposition 2.1
as AU is an n-star module with Presn AU closed under products. Hence AU is an n-star module
n-presenting all the injectives, i.e., an n-tilting module. 
In order to proceed further, we need the following result which was shown in [14]. For reader’s
convenience we give the proof.
Lemma 4.2. Let ξ :A → R be a ring homomorphism. Then
(1) The R-module RHomA(R, I) is injective whenever the A-module AI is injective.
(2) The R-module RHomA(R,C) is a cogenerator whenever the A-module AC is a cogenerator.
Proof. (1) For any exact sequence of R-modules 0 → L → M → N → 0, we obtain an in-
duced exact sequence of A-modules 0 → R ⊗ RL → R ⊗ RM → R ⊗ RN → 0 by applying the
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RM,I) → HomA(R ⊗ RL, I) → 0 is exact, which is equivalent to say that the sequence
0 → HomR(N,HomA(R, I)) → HomR(M,HomA(R, I)) → HomR(L,HomA(R, I)) → 0 is
exact. Thus, we have that the R-module RHomA(R, I) is injective.
(2) Similarly, we can show that a sequence L → M → N is exact whenever HomR(N,
HomA(R,C)) → HomR(M,HomA(R,C)) → HomR(L,HomA(R,C)) is exact. Thus,
HomA(R,C) is a cogenerator by [1, Proposition 18.14]. 
Thus if ξ :A → R is a ring homomorphism, then RHomA(R,D) is an injective cogenerator
in the category of all left R-modules by Lemma 4.2.
Now using the characterization of n-tilting modules in Lemma 4.1, we obtain the following
result which generalizes a special case of [20, Theorem 2.4].
Proposition 4.3. Let ξ :A → R be a ring homomorphism and AR ⊗ AU ∈ Presn AU . If AU is
an n-star module with Presn AU closed under products and AHomA(R,D) ∈ Presn AU , then
RR ⊗ AU is an n-tilting R-module.
Proof. Note that Corollary 3.7 already implies that RR ⊗ AU is an n-star R-module with
Presn R(R ⊗ AU) closed under products. Moreover, by Lemma 3.2 and the assumption, we have
also that RHomA(R,D) ∈ Presn R(R ⊗ AU). Hence it follows that RR ⊗ AU is n-tilting, by
Lemma 4.1. 
We now consider the partial converse of Proposition 4.3.
Proposition 4.4. Let ξ :A → R be a ring homomorphism. Assume that AU is an n-star mod-
ule with Presn AU closed under products and that AHomA(R,D) ∈ Presn AU . If Exti R(R ⊗
AU,R ⊗ AU) = 0 for all 1 i  n, then AR ⊗ AU ∈ Presn AU .
Proof. Clearly we have an exact sequence of R-modules
0 → R ⊗ AU → HomA(R,D)Λ1 → ·· · → HomA(R,D)Λn → X → 0,
for some sets Λj , 1 j  n, and some RX. Since Exti R(R⊗AU,R⊗AU) = 0 for all 1 i  n,
we easily see that the sequence stays exact under the functor HomR(R ⊗ AU,−). Thus, by
Lemma 3.1, we obtain an exact sequence of induced A-modules
0 → R ⊗ AU → HomA(R,D)Λ1 → ·· · → HomA(R,D)Λn → X → 0 (eqA)
which stays exact under the functor HomA(U,−). Note that AHomA(R,D)Λj ∈ Presn AU ,
1  j  n, since AHomA(R,D) ∈ Presn AU and Presn AU is closed under products. Thus, by
Proposition 2.1, we obtain that AX ∈ Presn AU . Now, by applying Theorem 1.1 to the sequence
(eqA), one can finally obtain that AR ⊗ AU ∈ Presn AU . 
Proposition 4.5. Let ξ :A → R be a ring homomorphism. Assume that AU is an n-star module
with AR ⊗ AU ∈ Presn AU . If RR ⊗ AU is an n-tilting module, then AHomA(R, I) ∈ Presn AU
for any injective A-module AI .
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RHomA(R, I) ∈ Presn R(R ⊗ AU) since RR ⊗ AU is an n-tilting module. Now the conclusion
follows from Lemma 3.2. 
Summarizing the above results, we obtain the following.
Theorem 4.6. Let ξ :A → R be a ring homomorphism. Assume that AU is an n-star module with
Presn AU closed under products. Then any two of the following statements implies the third one.
(1) AHomA(R,D) ∈ Presn AU .
(2) RR ⊗ AU is an n-tilting R-module.
(3) AR ⊗ AU ∈ Presn AU .
In particular, the conclusion holds in case
(1) AU is an n-star module and A is a representation-finite ring, or
(2) AU is a finitely generated n-star module and A is an artin algebra.
We say a module AU is (coproduct-)selforthogonal if Exti A(U,U(Λ)) = 0 for all i  1. As
shown in [25], if A is a ring of finite left global dimension, then any selforthogonal module AU
is an n-star module for some n and in this case Presn AU = ̂AddAU , where ̂AddAU denotes all
modules with finite AddAU -resolution. Hence, we have the following corollary.
Corollary 4.7. Let ξ :A → R be a ring homomorphism such that the left global dimension of A is
finite. Assume that AU is selforthogonal and is product-complete. Then any two of the following
statements implies the third one.
(1) AHomA(R,D) ∈ ̂AddAU .
(2) RR ⊗ AU is an n-tilting R-module for some n.
(3) AR ⊗ AU ∈ ̂AddAU .
In particular, the conclusion holds in case
(1) AU is a selforthogonal module and A is a representation-finite ring of finite global dimen-
sion, or
(2) AU is a finitely generated selforthogonal module and A is an artin algebra of finite global
dimension.
We now give some easy examples which show that the module AU in our results is usually
not tilting.
Example 4.8. Let A = Z and R = Q. Denote ξ :A → R the obvious ring homomorphism. Let
AU = ZQ. Then AU satisfies Corollary 4.7. Note that Q is not tilting.
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over a field k:
1 → 2 → 3 → 4, 2 → 3.
Then there is an obvious ring homomorphism ξ :A → R. Let AU = 34 ⊕
2
3
4 ⊕ 3, then AU is a 1-
star module. Let AD =
1
2
3
4
⊕ 123 ⊕ 12 ⊕ 1. Since AHomA(R,D) = 23 ⊕ 2 ∈ GenAU and AR ⊗ AU =
2
3 ⊕ 32 ∈ GenAU , we obtain that RR ⊗ AU is a 1-tilting R-module (in fact, a progenerator).
Clearly, here AU is not a tilting module.
5. Split extensions
This section is devoted to studies on n-star modules and n-tilting modules over split exten-
sions. If R = A ∝ Q, i.e., R is a split extension of the ring A by Q, then we have two canonical
ring homomorphisms ξ :A → R and ζ :R → A with ξ the inclusion map and ζ the projection on
A with the kernel Q. Note that we have that AR 	 AA⊕ AQ in this case. The following is some
information on split extensions collected from [13].
Lemma 5.1. Let R = A ∝ Q be a split extension of A by Q and AUB be an A–B-bimodule.
(1) There is an R–B-isomorphism
h :R ⊗ AU → U ⊕ (Q ⊗ AU)
via
h
(
(a + q)⊗ u)= au+ (q ⊗ u),
h−1
(
u+ (q ⊗w))= ((1 + 0)⊗ u)+ ((0 + q)⊗w)= (1 ⊗ u)+ (q ⊗ w),
where R operates on U ⊕ (Q ⊗ AU) via
(a + p) · (u+ q ⊗ w) = au+ [(aq ⊗w)+ (p ⊗ u)+ (pq ⊗ w)].
(2) There is an exact sequence of R-modules 0 → Q ⊗ AU → R ⊗ AU → U → 0 which splits
over A and stays exact under the functor HomR(R ⊗ AU,−).
(3) AA⊗ R(R ⊗ AU) 	 AU .
For split extensions, Theorem 3.3 can be improved as follows.
Theorem 5.2. Let R = A ∝ Q be a split extension of A by Q and AU be an A-module. The
following are equivalent.
(1) RR ⊗ AU is an n-star module and RU ∈ Presn R(R ⊗ AU).
(2) AU is an n-star module and AQ⊗ AU ∈ Presn AU .
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tions and Theorem 3.3 to the canonical ring homomorphism ζ :R → A, we obtain that AU is
an n-star module. It remains to show that AQ ⊗ AU ∈ Presn AU . By Lemma 3.2, it is enough to
show that RQ⊗AU ∈ Presn R(R ⊗ AU), as AQ⊗AU is just the A-module induced by RQ⊗AU
via the canonical ring homomorphism ξ :A → R. By Lemma 5.1(2), there is an exact sequence
of R-modules
0 → Q⊗ AU → R ⊗ AU → U → 0
which stays exact under the functor HomR(R ⊗ AU,−). Since RR ⊗ AU is an n-star module
and RU ∈ Presn R(R ⊗ AU), we obtain that RQ⊗ AU ∈ Presn R(R ⊗ AU) by Theorem 1.1.
(2) ⇒ (1). Since AQ ⊗ AU ∈ Presn AU by the assumptions and since AR ⊗ AU 	 AU ⊕
AQ ⊗ AU by Lemma 5.1(2), we have that AR ⊗ AU ∈ Presn AU . By the assumptions, AU is an
n-star module. Hence, we obtain that RR ⊗ AU is an n-star module from Theorem 3.3 and that
RU ∈ Presn R(R ⊗ AU) from Lemma 3.2. 
Consequently, for split extensions, Corollaries 3.5 and 3.7 can also be improved.
Corollary 5.3. Let R = A ∝ Q be a split extension of A by Q and AU be an A-module. The
following are equivalent.
(1) AU is a selfsmall n-star module (respectively, an n-star module with Presn AU closed under
products) and AQ⊗ AU ∈ Presn AU .
(2) RR ⊗ AU is a selfsmall n-star module (respectively, an n-star module with Presn AU closed
under products) and RU ∈ Presn R(R ⊗ AU).
Note that in case n = 1, it always holds that RU ∈ Pres1 R(R ⊗ AU) = GenR(R ⊗ AU) by
Lemma 5.1(2). Thus we obtain the following corollary which generalizes [13, Theorem 3.9] and
improves it by removing the condition that R is noetherian and Q is nilpotent.
Corollary 5.4. Let R = A ∝ Q be a split extension of A by Q and AU be an A-module. Then
RR ⊗ AU is a (classical) 1-star module if and only if AU is a (classical) 1-star module and
AQ⊗ AU ∈ GenAU .
Similarly, [13, Corollaries 3.4 and 3.5] can also be improved as follows.
Corollary 5.5. Let R = A ∝ Q be a split extension of A by Q and AU be an A-module. Then
RR ⊗ AU is a quasi-progenerator (a quasi-tilting module respectively) if and only if AU is a
quasi-progenerator (a quasi-tilting module respectively) and AQ⊗ AU ∈ GenAU .
Applying Theorem 5.2 to n-tilting modules over split extensions, we obtain the following
result. Here we also fix AD an injective cogenerator in the category of all left A-modules, as in
Section 4.
Proposition 5.6. Let R = A ∝ Q be a split extension of A by Q and AU be an A-module. The
following are equivalent.
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(2) AU is an n-tilting module and AQ⊗ AU, AHomA(Q,D) ∈ Ker Exti1 A(U,−).
Proof. (1) ⇒ (2). By the assumptions, we have that RR ⊗ AU is an n-star module with
Presn R(R ⊗ AU) = Ker Exti1 R(R⊗AU,−) closed under products and that RU ∈ Presn R(R⊗
AU). Hence by Corollary 5.3, we obtain that AU is an n-star module with Presn AU closed under
products and AQ ⊗ AU ∈ Presn AU . Since RHomA(R,D) is an injective cogenerator, it holds
that RHomA(R,D) ∈ Ker Exti1 R(R ⊗ AU,−) = Presn R(R ⊗ AU). Thus, AHomA(R,D) ∈
Presn AU by Lemma 3.2. Since AR 	 AA⊕ AQ, we have that
AHomA(R,D) 	 AHomA(A⊕ Q,D)
	 AHomA(A,D)⊕ AHomA(Q,D) 	 AD ⊕ AHomA(Q,D) ∈ Presn AU.
By Proposition 2.1, Presn AU is closed under summands, so AD, AHomA(Q,D) ∈ Presn AU .
It follows from Lemma 4.1 that AU is an n-tilting module, and consequently, AQ ⊗ AU,
AHomA(Q,D) ∈ Ker Exti1 A(U,−).
(2) ⇒ (1). Note that Ker Exti1 A(U,−) = Presn AU since AU is an n-tilting module, so we
have AR ⊗ AU 	 AU ⊕ (AQ ⊗ AU) ∈ Presn AU by Lemma 5.1(1) and that AHomA(R,D) 	
AD ⊕ AHomA(Q,D) ∈ Presn AU , by assumptions. Now Proposition 4.3 applies and we obtain
that RR ⊗ AU is n-tilting. It remains to show that RU ∈ Ker Exti1 R(R ⊗ AU,−). However, it
is equivalent to show that RU ∈ Presn RR ⊗ AU which is obvious by Theorem 5.2. 
We note that recently Tonolo had proved in [20, the tilting version of Proposition 2.7] that,
under the condition AHomA(R,D) ∈ Ker Exti1 A(U,−), if R is a split extension of A by Q,
then RR ⊗ AU is n-tilting if and only if AU is n-tilting and AQ ⊗ AU ∈ Ker Exti1 A(U,−).
Thus, we see that the statements (1) and (2) in above proposition are also equivalent to the
statement
(3) RR ⊗ AU is an n-tilting module and AHomA(R,D) ∈ Ker Exti1 R(R ⊗ AU,−).
In particular, our result makes more sense in case n = 1. Note that in this case we have that
RU ∈ GenR(R ⊗ AU) by Lemma 5.1(2).
Corollary 5.7. Let R = A ∝ Q be a split extension of A by Q and AU be an A-module. Then
RR ⊗ AU is (classical) 1-tilting if and only if AU is (classical) 1-tilting and AU generates both
AQ⊗ AU and AHomA(Q,D).
As shown in [13, remarks following Theorem 4.1], if R = A ∝ Q and AU is a classical
tilting module, then AnnQAU = 0 if and only if TorA1 (R,U) = 0. The later is obviously equiv-
alent to Ext1 A(U,HomA(R,D)) = 0. Consequently, we have that AnnQAU = 0 if and only
if AHomA(R,D) ∈ Ker Ext1 A(U,−) = GenAU , if and only if AHomA(Q,D) ∈ GenAU . In
case A is an artinian algebra, letting D(−) be the usual duality functor and AD = D(AA), we
obtain that AHomA(Q,D) = AHomA(Q,D(AA)) 	 D(A ⊗ AQA) 	 D(QA). Thus the above
corollary extends [13, Theorem 4.1 and Corollary 4.3], [3, Theorem B and the tilting version of
Theorem A] and improves them by removing the restrictions on R and Q.
The following example shows that we cannot remove the condition RU ∈ Presn R(R ⊗ AU)
from Proposition 5.6 in case n 2.
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1
β
2
α
3 
and R be given by the quiver
1
β
2
α
3  	
η
with the relation βη = 0. Then R is the split extension of A by the nilpotent bimodule Q gen-
erated by η. Let AU = 1 ⊕ 21 ⊕ 2 = Ae1 ⊕ Ae2 ⊕ 2. It is obvious that AU is not tilting. We now
show that RR ⊗ AU is 2-tilting. Thus the condition RR ⊗ AU is n-tilting is not enough to obtain
that AU is n-tilting in case n 2.
In fact, by applying the functor RR⊗A− to the projective resolution of summands of AU , we
obtain that RR ⊗ A(1) 	 Re1, RR ⊗ A(21) 	 Re2 and an exact sequence
Re1 → Re2 → R ⊗ A(2) → 0.
It follows that RR ⊗ A(2) 	 2 and RR ⊗ AU 	 Re1 ⊕Re2 ⊕ 2 =
1
3
2
1
⊕ 21 ⊕ 2. Clearly RR ⊗ AU is
2-tilting.
Note that the module AU in the above example is even not a star module since the sequence
0 → 1 → 21 → 2 → 0 in AddAU does not stay exact under the functor HomA(U,−). Hence
we cannot remove the condition that RU ∈ Presn R(R ⊗ AU) from Theorem 5.2 too. However, it
may happen that both AU and RR⊗AU are n-star modules while neither RU ∈ Presn R(R ⊗ AU)
nor AQ⊗ AU ∈ Presn AU .
Example 5.9. Let A,R be as in the above example. Let AU = 1 ⊕ 2. Then AU is a quasi-
progenerator (in particular, it is a 2-star module). Similarly as in the above example, we obtain
that RR ⊗ AU 	 Re1 ⊕ 2 =
1
3
2
1
⊕ 2. It is easy to check that RR ⊗ AU is a 2-star module. Since
AR ⊗ AU 	 1 ⊕
3
2
1 ⊕ 2 /∈ GenAU = Pres2 AU , it follows that AQ ⊗ AU /∈ Pres2 AU too. The
remained part RU = 1 ⊕ 2 /∈ Pres2 R(R ⊗ AU) is obvious.
Acknowledgments
It is a pleasure to thank the referee for helpful suggestions and corrections.
References
[1] F.W. Anderson, K.R. Fuller, Rings and Categories of Modules, Grad. Texts in Math., vol. 13, Springer, 1974.
[2] L. Angeleri-Hügel, F.U. Coelho, Infinitely generated tilting modules of finite projective dimension, Forum Math. 13
(2001) 239–250.
[3] I. Assem, N. Marmaridis, Tilting modules over split-by-nilpotent extensions, Comm. Algebra 26 (1998) 1547–1555.
[4] S. Bazzoni, A characterization of n-cotilting and n-tilting modules, J. Algebra 273 (2004) 359–372.
[5] S. Brenner, M.C.R. Butler, Generalizations of the Berstein–Gelfand–Ponomarev Reflection Functors, Lecture Notes
in Math., vol. 832, Springer, 1980, pp. 103–170.
[6] R. Colby, K.R. Fuller, Equivalence and Duality for Module Categories, Cambridge Univ. Press, 2004.
916 J. Wei / Journal of Algebra 310 (2007) 903–916[7] R. Colby, K.R. Fuller, Tilting, cotilting and serially tilted rings, Comm. Algebra 18 (1990) 1585–1615.
[8] R. Colby, K.R. Fuller, Tilting modules and torsion theory counter equivalences, Comm. Algebra 23 (1995) 4833–
4849.
[9] R. Colpi, Some remarks on equivalences between categories of modules, Comm. Algebra 18 (1990) 1935–1951.
[10] R. Colpi, Tilting modules and ∗-modules, Comm. Algebra 21 (1993) 1095–1102.
[11] R. Colpi, C. Menini, On the structure of ∗-modules, J. Algebra 158 (1993) 400–419.
[12] K.R. Fuller, Density and equivalence, J. Algebra 29 (1974) 528–550.
[13] K.R. Fuller, ∗-Modules over ring extensions, Comm. Algebra 25 (1997) 2839–2860.
[14] K.R. Fuller, Ring extensions and duality, in: Contemp. Math., vol. 259, 2000, pp. 213–222.
[15] D. Happel, C.M. Ringel, Tilted algebras, Trans. Amer. Math. Soc. 174 (1982) 399–443.
[16] H. Krause, M. Saorin, On minimal approximations of modules, in: Contemp. Math., vol. 229, 1998, pp. 227–236.
[17] C. Menini, A. Orsatti, Representable equivalences between categories of modules and applications, Rend. Sem.
Mat. Univ. Padova 82 (1989) 203–231.
[18] J.-I. Miyachi, Extensions of rings and tilting complexes, J. Pure Appl. Algebra 105 (1995) 183–194.
[19] Y. Miyashita, Tilting modules of finite projective dimension, Math. Z. 193 (1986) 113–146.
[20] A. Tonolo, n-Cotilting and n-tilting modules over ring extensions, Forum Math. 17 (2005) 555–567.
[21] J. Trlifaj, Every ∗-modules are finitely generated, J. Algebra 169 (1994) 392–398.
[22] J. Trlifaj, Dimension estimates for representable equivalences of module categories, J. Algebra 193 (1997) 660–676.
[23] J. Wei, n-Star modules and n-tilting modules, J. Algebra 283 (2005) 711–722.
[24] J. Wei, (n, t)-Quasi-projective and equivalences, Comm. Algebra 33 (11) (2005) 4303–4320.
[25] J. Wei, Global dimension of the endomorphism ring and ∗n-modules, J. Algebra 291 (1) (2005) 238–249.
[26] J. Wei, Z. Huang, W. Tong, J. Huang, Tilting modules of finite projective dimension and a generalization of
∗-modules, J. Algebra 268 (2003) 404–418.
[27] R. Wisbauer, Tilting in module categories, in: D. Dikranjan, L. Salce (Eds.), Abelian Groups, Module Theory, and
Topology, in: Lecture Notes in Pure and Appl. Math., vol. 201, Marcel Dekker, 1998, pp. 421–444.
